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THE DE SATION OF THE ELEMEN TS GOVERNING THE STRATTFICATION OF THE

REFRACTING BOUMNDARY ON THE HYPOTHESIS THAT 7T IS FLAT ONLY N A KBE-

QION WHERE SEISHIC WAVES AKE RECEIVED

Yu., V. Riznichko

Submitted by Academician O, Yu. Shmidt

Tne bossibility of a quantitative interpretation of observa-=
tions on refracted seismic waves 18 discussed, when the composition
of the medium, on & path from the source of oscillation to the region } i
of reception, is characterized by grave comylexity. The relative § ;
composition of the medium on this path is not rendered DY the hypothe- i
sis., It is only assumed that in the region of reception the refract-
ing boundary is flat, but the boundary velocity and the velocity in
the covering medium are constant. under these conditions the angle
and direction of incidence of the poundary in this region is deter-
mined, The aeneral discussion on the variations of the problem and

data on the complete solution of it is based on two observations.

1, Stating the gyoblem

The seismic waves (mainly longitudinal) which have been pro-
duced either by explosion or earthquake at point 0; are observed at
point M (Figure 1a) where they arrive as refracted (head) waves.
The series of individual observations at the various 1ocations of

points O3 and My (1 =1, 2,003 K= 1, 2,...) are used for the deter-

mination of elements of stratification -- the direction and the angle

of incidence == the refracting boundaries in 2 reception reglon

(Fizures 1la and 1b). ‘
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Each observation consists of determining the time of arrival

t; and gradient ﬁl; -- functions of a surface hodograph of a refracted

wave, which proceeded from 0y to Mk. For this, it is Practically ne-

cessary to make observations of the profile crosses intersecting at o

points Mk' Subsequently for this specific problem, we shall use only

the dimensuration values of ’t,kL s lgnoring the values tik'
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Figure 1, Stating the problem: (a) ~-- cross section; (b) plan; I

is an area where the Oi points of the seismic wave emanation are

é

located; P is an area y

lere reception points Mk

are located, -- here

gradients 1

(A are determined as function

S of a surface hodograph of

refracted waves; G is an interjacent area; i, k = 1, 2, 3,..,,,——~”

Between area I (with points 04) and area P (in which oscil-

lation receivers are located)

ditions of bassing waves are

let there be an area Gy where the conw

not known and are quite complex. 'he
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refracting poundary may differ considerably from a plane, the medium
may be anisotropic, and the vyelocity of wave propagation in the medi=-
um above and below the boundary may be changed in any mamner in space
(down to the disappearance of the very poundary's sudden change in
yelocity). A1l ‘these conditions, nowever, must pe such that for a
wave in & reception aed p, in & layer under ‘the boundary could be con-

sidered as & sliding w&ve.

At the same time, let the simple conditions exist in area P
allowing the following ideal conditions:t the section oi the refract-
ion boundary through which the refracted waves 'proceed o the points
of reception My can be considered flat, the nedium as isotroplc, and
tne velocities ¥ and Vg in the atmosphere, respectively apove and be-
low the refraction poundary, can be considered a8 constants (Vg is the
tpoundary" velocity at which the gliding wave Tuns lengthwise the

boundary; Vg > 7).

Then, it is natural to state the following problem: not set-
ting up any assumptions regarding the structure of the medium in the
ayea of sources T and the jnterjacent region G, and having assumed
in respect to the area of reception P the conditions indicated above,
1o determine yhe elements governing the refractive boundary in its

norizmontal section in the preception ared, using the series of obser-

vations /D(b in the profile crosses which are located in this area.

Let us note ghat in such @ stamW
in‘berpre'batmn of observations accormg +a the method of prefracted
waves, it giffers from those elucidated in detail in 1iterature [ main-

1y in the works of T, 5. Berzon {L, 2] anc athers) coneayuing refract=

ed waves, wheny in relation bO the structure of the medium, definite
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hypotheses generally are set up not only for the reception area P,
wut also for other areas (I and @), lying on the path of oscillation

propagation from the sources.

2, Idea and Qualitative Analysis of the Solution

Let us assume at first that the velocities V and Vg in the
medium immediately above and below the refracting poundary are known
constants, Then each observation of a vector QL le produced at point
Mk permits & ready establishment of the corresponding direction Tik
of seismic rays arpiving at this point (see, for example, [3], page

u8).

Proceeding Lo @ preliminary analysis of the problem, let us
investigate the reciprocal disposition of vectors Tik of rays and
vectors n of the normal contenplated flat area of the refractive

poundary in an area of reception P

Let us fix an arbitrary point 0 as the orisin. A1l .vectors
of the coordinate axes subject to analysis shall be related to this

point, fixing at this point the origin of all vectorse

In the geome tric locus of vectors Tix there will be a sur=
face of & circular cone with apex O and axis n upon wiich angle J

(between the peneratrix Iy and axis n of this cone) is known:

gin j = e (1) —
S~
o .o e
Having seb up this relatlion, we procesd with the solntion
of ‘the problem. Let us assume fhat the vectors Ty are known and
we shall Llook for the locus of vector n. 1 we should have at oulr i
| E
| 1
Ly \
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disposal the infinite number of all possible vectors r‘k’ then they
would geﬁerate a complete surface of a circular cone as described

above, This would permit determination of its axis n and produce a
unique sclution to the problem, But in view of a practical, limited

number of observations, it is natural to proceed from the hypothesis

that in our disposition there are only a limited number of vectors

Tike Let us consider the possibility of a solubion through different

numbers of these vectors to which correspond a different number of

individual observations,

l. If there is one vector Tiies then the unknown vector n
in conjunction with the previously given angle j, can revolve around

0, forming another conic surface with axis Tipce

The problem has infinitely many solutions, depending on one
parameter. 1f, in the capacity of an independent parameter, we sel-
ect azimuth ¢ as an incidence bearing of the boundary, then angle

q) of boundary incidence would be determined as a function of this

parameters () = @ COF

2, If there are only two different vectors Ty = I;Qi’

_lz =1, 2 (in ioure 2a vectors rl and r2), then the conic surface
with axis n may be superimposed on these vectors exactly as shown
in Figure 2a, By this, the position of the axis n of the cone will
be fixed, and the problem will be solved., lore precisely, two posi-
tions of this cone arc possibles
r)and T, Th the left" and "on the richt", In conformity with this
two possible positions of the unknown vector n are determined (in
Ficure 2a only one of them is shown, namely, for the superimposition

of a cone "on the left"),
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Pieure 2, With the idea of solving the problem by two observations:
(a) a cone whose axis is the normal n to the refracting boundary,
and the generatrices of the cone are rays r] and rg; (b) a cone whose

.?J

conic surfaces, determine the possible direction of the normal n to

axes are the rays rl and r,} lines n and n , intersections of the
1 2
the refracting boundary.
The solution of tiis problem in the case of two vectors r1

and r2 may be obtained by means of the following three-dimensional :

construction; for each of these two veclors rll ,is constructed a

conic surface representing the meometric locus of all possible posi-

ure 2b). lwo

tions of vector n, corresponding to veclor rZL
1ines of inlersection of these two conic surfaces give two of the

pwiﬁmmlwsmbhehhemdnﬁ of the unknown vector n. The struc-
ture may also be qenera+rﬁ—by’ﬁééﬁs"ET‘the‘crrcumﬁex@ngeﬁgf a sphere

of unit radius.

Of the two possible variants of the determination of strati-
Pioation elements of a refracting boundary which have been determined

heretofore by the data in Parasraph 1 (Stating the Problem) only one

i
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variant makes physical sense. It is possible to select one, making
use of additiocnal physical and geological considerations, In such
a way, the geophysical problem under investigation has a single (in
the sense indicated) solution if there are two different vectors
ik’

point 0;, but in two different points of observation M, or at one

These vectors can be obtained either [rom one explosion

point P&, but at two different points 0y, or, finally, by changing

the position of both point 0y and point Mk'

I4 is easy to obtain a qualitative idea of the degree of
stability of this problem in relation to the reciprocal distribution
of the vector rﬁ/ , assuming that each of the veclors may contain

certain errors, For this we use the following graphic reasoning.

When vectors Iy and r, draw towether, tending to coincide
mmmnﬂxmmUmr,tmmtmermm@eof”rMAMﬂliw"of‘mesmmrMM
position of the cone with axis n (Fipure 2a) is decreased, and a
small variation in the position of any of them from vector X a} will
/
effect a preat change in the position of the cone, and consequently,
also in its axis n, This is indicative of a decreased stability in

the solution of the problen,

At the point where ry = T, the problem is resolved to the
preceding case where only one vector Iy was established, By the

waves observed at one origin Oi,which are produced in two points
Nk (also in a greater number of points), for example, a flat front

of a refracted wave in region P isg indicated, In this case the

problem does not have a unique solution.

By expanding vectors ry and r, from the position of reciprocal

coincidence, the derree of superimposition Hpeliabild by" of the cone

Declassified i - iti;
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at first is increased,'such that there is a corresponding increase
in the reliability of the solution, However, on reaching a maximum
for a sufficiently large span [pencil] of vectors ry and ry, the
reliability starts changing after this, and, when the angle between

these vectors attains 2j, the reliability is lost: the cone can

glip" between vectors r, and T This happens in the case when

1 2*
seismic waves come toward the observation area from opposite sides,
more precisely, when the passing rays, corresponding to vectors rl

and r., have directly opposite directions. In this case the prac-

2)
tical problem also has no unique solution (the set of all possible

solutions depends on one parameter).

Finally, if the angle between the vectors ry and r, becomes
larger than 2j -~ physically this is impossible -~ then the problem

has no solution at all,

Let us follow further the compsrative divergence of the two
vectors o and Ny, which present two formally possible solutions to
the problem of the fixed position of the normal n to the refracting
boundary. Irom an exandnation of Mgure 2a or 2b it follows that when
vectors rl and r, approach superimposition, l.e. the angle belween

them approaches 0°, then the vectors 1, and n, are at maximum differ-

ence: the anzle between them approaches 2j. When vectors r1 and r?

besin %o separate, then vectors n and n2 come together.

F'rom the reophysical point of view, for obtaining the only
el mem T
practical solution to the problem, ‘this drawing together (if it is
excessive) is disadvantageous because there is a risk that both form-

ally possible solutions may seem physically possible.

-8 -
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at first is increased, such that there is a corresponding increase

in the reliability of the solution., However, on reaching a maximum

for a sufficiently large span [pencil] of vectors ry and 1,, the

reliability starts changing after this, and, when the angle between

these vectors attains 23, the reliability is lost: the cone can

2

seismic waves come toward the observation area from opposite sides,

glip" between vectlors rl and r.. This happens in the case when

more precisely, when the passing rays, corresponding to vectors rl
and o) have directly opposite directions. In this case the prac-
tical problem also has no unigque solution (the set of all possible

solutions depends on one parameter).

Finally, if the angle between the vectors ry and Ty becomes
larger than 2j =-- physically this is impossible ~- then the problem

has no solution at all,

Let us follow further the comparative divergence of the two
vectors . and ;s which present two formally possible solutions to
the problem of the fixed position of the normal n to the refracting
boundary., Irom an examination of Pigure 2a or 2b it follows that when
vectors rl and s approach superimposition, i.e. the angle betlween
them approaches 0°, then the vectors 0y and n2 are at maximum differ-
ence: the ansle between them approaches 2j. When vectors rl and r2

bewin to separate, then vectors nl and n2 come together,

_IFrom the geophysical point ol view, for obtaining the only

i
practical solution to the problem, this drawing together (if it is

e s

excessive) is disadvantageous because there is a risk that both form-

ally possible solutions may seem physically possible.
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being e case, however, there appear no Possibilitieg of' obtaining

& unique Solution g the problen because or another reason, showy

above, Namely, ag g result of tpe r@liability loss of the solution,

3. Let us assune now that, there are three di.fferen't Vectors
Ty = rﬂ (‘/Z =1, 2, 3), Then from the Formation ol geome tri o fige
ures simjilap to i gure 2a or Figure 2b, we obtain g unique solution
to the broblem: the unique Position of the cone With axig n, l"olding
over three vectors .r‘/@ 5 Or just a single line n intersect‘ing all
three conic Surfaces With axig r/é . The‘ last cage of the three vec-

tors » L Presents g Plane, be.f:izminfz With which the problen may

be riven essentially another charactel“. By this it appears DPossible

to state the problem ip the f;‘ollowim‘: two ways,

(@) In the case of thyge (and op 5 freater nmumep ip /C>/3)

2iven vectors .’rﬁ/ sy it is Possible tp assume that cch of ‘then con-
tained 50me error, and set up the problem oy rje‘Lermin:i.n;f: Such conie
Surfaces (with anyle n, r Z = 3) which by the best method would be

approxima teq by the qi frerent Positions of these vac tors,

(b) In the case of three vectors r[ it is Possible by pe. —e
arranging o compute the #iven DParame tep V;; and set, up the broblem L. -

of its computation simu-.‘l.tﬂfmoasly WLth n,

Ihis broblem is solved by g unique method, Fop constructiong {
on a spherg of unit r-adius, it leads to dr'awin,r; a circle throueh three
fgiven points, determined by the vectors r'& 5 the radiyg of this i[
circle determineg Vg, and alse the Position of gy tenter . n, lhe |

addition op 4 numbey op fixed vectors r£ over threge ( Z > 3) per-
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’ ‘ . ' V -00039R000200140!
‘ me—— - CIA-RDP82-000
‘ itized Copy Approved for Release 2012/03/26
ified in Part - Sanitize
Declassified in



The drawing together of vectors ny and np is completed as a
total convergence when vectors rq and ry form an angle 2j, This
being the case, however, there appear no possibilities of obtaining
a unique solution to the problem because of another reason, shown
above, namely, as a result of the reliability loss of the solution,

3. Let us assume now that there are three different vectors
Tip =T Q, ()@ , 2, 3), ‘Then from the formation of geometric fig=~
ures similar to figure 2a or figure 2b, we obtain a unique solution
to the problem: the unique position of the cone with axis n, folding
over three vectors PXZ , or just a single line n intersecting all
three conic surfaces with axis %ZL . Thé last case of the three vec=-
tors r 1} presents a plane, beginning with which the problem may
be rmiven essentially another character., By this it appears possible
.

to state the problem in the following two ways,

(a) In the case of three (and of a greater number ii‘/l,é}B)
aiven vectors r}l} , it is possible to assume thatcch of them con-
tained some error, and set up the problem of determining such conic
surfaces (with angle n, r éz = j) which by the best method would be
approximated by theﬂdifferont positions of these vwcLor

(b) In the case of three vectors rZ/ it is possible by re-~
arranging to compute the given parameter Vﬂ and set up the problem

of its computation simultaneously with n,

This problem is solved by a unique method, For constructions
on a spherc of unit radius, it leads to drawing a circle throurh three
given points, determined by the vectors rzc 3 the radius of this
circle determines V oy and also the position of the center -~ n, Tlhe

addition of a number of fixed vectors r E‘over three ( Z,:> 3) per-
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mits finding a more probable solution to this problem.

L. In the case of four observed & i) first there appears
the possibility of not even setting up a value for the parameter v,

i.e, to assume that both velocities V and V are constants which de=- i
g

&5 3
]

pend both on observation and vector n, Increasing the number of
given ’Dik to more than four permits us to solve this problem in or=-

der to obtain the most probable results,

However, the practical possibilities of a solution to the
problem under consideration in its fullest scope iis limited by the
fact that it looses reliability in relation to the unknown value V,
when the incident angle ? of the boundary tends to zero (see [)_w,],
page 90), In view of this, it is ol no value to set up small O
ancles. For still larcer (0 angles, when reliability exists, diffi-
culties of a physical character appear, linked 't;o‘ the generally ac-
companying QD angles with complications of medium composition,:
intense variability in the range of masnitude of qo , Vand Vg.
This either leads to the necessity of keeping track of the conditions
of great "scattering effect" of obsdrved values of T ik and proceeds
to a decrease in the points of the result, or for forces giving up
the assumption of constancy of the parameters @ , V, and V{:, which : ]
lie at the base ol selting up every problem, and in general, eliminate : ]
the possibility of solution,

In such a way, in the case of four or more observations of 't

st ik
it is safer to set up the problem proceeding from the hypothesis that
the masnitude of V is siven, and to find either V, and n, or only n,

gupposing that the masnitude of VF’ is also given, The latter [inally 3 ‘

leads to greater reliability of the determinetion of n,

- 10 =

1y
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It may also be noted that in the desire to come as close ag
bossible to the conditions that, v, Vg’ and @ are constants, it is
Necessary to attempt conscienw_ously to carry out the observations
in a small area P, and for obtaining stable results -- to use as
origins the Oi points which are situated in substantially different
directions from this area, Then in apes p it is possible to limit
onesell to only one point 0; or, what is even better, when the posi-
tion of 0; is changed to transpose point M, also by such a calculation
that the rays of refracted (head) waves passing through My will energe

approximately from one and the same element of the refracting boundary,

3, Calculations for the Case of Two Observations

Let us introduce for donsideration a fixed system of coordinates
- sSuch that the Xy plane coincides with the plane of observation (or
is parallel to it), and the Z axis is directed upwards, Let azimuths
of the directed vectors be reaq from the xy plane to the X axis

according to the direction from the Y axis,

If the mensurable vectors ik = /QL ( [, =1, 2) have
azimuths o{L s then the component vectors L are as shown in the

formulas:

X, = gin i cos
L L

¥4 = sin iL sin .77 (2)

cos iz-

~
il

where

sin by VMJZ'

(the meaning of all the terms was siven 1in Paragraph 2),

“ 1l
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Let us assume that vector n, as well as veclors rﬁ’ , is

unity, né = 1., 1In conformance with Paragraph 2, item 2, the angles
between vecrcors n and r!@ are known and are equal to j:

.V
sin J = == o
j
/E-’.
Let us set
cos J = A

Then we shall have the first equation for determination of

vector n:

A,

B

(W

Fach of these equalities corresponds to a family of cones
with a fixed base rj/ and a fixed vertex anple, The determination
of the lines of mutual intersection of the conic surfaces results in
finding a vector n which satisfies both equations (Fifure 2b), i.e.
in the solution of the system of equations (3) and ()y) with regard

to n (when e =1).

Tet us present (2), (L) and n® = 1 in coordinates:

- [

R +oagn, = A, (5)

e :{2;c_1x_f yzny * a0 = A, (6)
ni+n}}+ni=l. (7

Tn this system of three equations the unknowns are the three:
coordinates Ny, My n, of the undetermined vector n, Tor their de~

VI
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termination we find from (%) and (6) the unknowns n, and Dy express-

ing them as functions of n,:

. n, = alnZ + bl’ (8)
ny = a,n, + b2, (9) t
a = YiZe - Yol by = A J2 =L .
XYy = ¥p¥y X ¥p = Xo¥y (10) j
a, = f?.lj}fg b, = A____f_:L: *2
2 xy, - %N 2T aY, ¥y

After this we substituted (8) and (9) in (7) as a result we

obtain a guadratic equation in the unknown n,_.

2

- 2 2
(ala va, Lnl + 2(agby + 20,00, s (o +py -D =0 (D)

Solving it, we finally arrive at

.-1/ N 2 2 2 2 2
n o= ~(aybytasby) T\ (agbyragby)” - (& *+ 2y ¥ 1)(b) + by = 1) (12)
2 2 2 .t
al + a2 L

The two roots of equation (11) correspond to two possible values (n:L
and n, of Figure 2) of vector nj the solution having physical sieni-

“
ficance is chosen on the basis of additional considerations (Paragraph

2, Section 2)

The remaining two coordinates of veclor n we derive by sub-

stituting (12) in (8) and (9).

- 13 -
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The elements governing the stratification of the refracting

boundary are determined by these formulas (Figure 3):

2 2
/\'n + N
tan @ SJx ¥

5 T n, \ (13)
R (1)
arn = nx .

Here @ is the angle of incidence and A is the agimuth
of the direction of incidence of the refraching boundary in the area

of oscillation reception which it was necessary to find.

Conclusion

The problem under investigation here can offer interest
principally throueh a study of deep separation boundaries in the
earth's crust by means of seismic waves from safficiently distant
explosions and from '"near by" natural earthquakes. Moreover, the
recording of refracted waves incited by artificial and natural
sources and corresponding to one and the same boundary of separation,

can be processed together disregarding the coordinates of the source
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fMierure 3. In the solutiofl of the problem according to formulas (13),
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(1L): n is the normal to the refracting boundary Rs q) is the

angle of incidence, cA is the agimuth of incidence of the boundary R.

The methods of interpretation which have been suggested here,
apparently can find application to the methods of depth sounding of %
the earth's crust and to new correlation rethods of earthquake ob~
servalbion which are beins worked out in the Department of Experimental
Seismology of the Geophysical Tnstitute of AS USSK under the direct-

ion of G. AL Gamburtsev.
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